
Math Logic: Model Theory & Computability
Lecture 18

Consequences of the completeness of ACFp .

The following was believed by algebraists , but was turned into a theorem by A . Robinson.

Letschetz Principle . Let Tryi
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Let & be a

Ting-sentence. Then TFAE (the following are equivalent) :
(1) &FC

.

R EFY for all EFACFo
·

(3) AlFoFY .

M) ACFpF4 for all large enough primes PEI (p := Np2N).
15t For infinitely-many princes pes there is ACFp such that pFY .

Proof. (1)< (2/> (3)
. Follows directly from the completenen of AlFo because ALFOU or ALFOFY.

(3) => /4)
.

Proven in homework
,
follows from Compactions .

(1) => (5)
.

Trivial
.

IS => /1)
.

We prove ~(1 => (5) . ~(1) means & F24
,
so by (17 (4) applied to

24
,
we get to primes , ACF2U ,

which implies > (5).

Ax's Theorem
,
Let F :

"

-> "be a polynomial function , i.
.
e. fi= Hy, fe,..., fu) , where

each fi : "
->I in a polynomial in variables x1

/
+2
, "Xn .

If A is injective then
it is surjective.

Remark
.

For n = 1
,
iff is injective then it is necessarily linear and monconstant

(HN)
,
hence in particular surjective.



Proof (A . Robinson) . The idea is to replace D with a finite field and use Pigeonhole Princia

ple . For fixeda and di = maxiff,ful , we can write down a sing-sentence
And that says that for all polynomial functions filty

,
fa
, ...
ful on variables

* := (1
,
x2
, ...,
xn) of degree ed ,

if f is injective then fis surjective.

By the Letschatz principle , to show EFYa
,
d, it is enough to show that

for all primes p there is a field RPFACFp such that pFYn
,
d.

Fix a prime PEN . Let p
devote ah algebraic closure of the field p

of
p elements

.

We will show that #F Yn
,
d.

Claim. #p= Em
,
where each Fm is finiteo

Propf
.

Let Fo := p ,
and supposing let Fu is define

,
we define Frets by actoining

to Fm one root for each polynomial of degree /Ful vile coefficients
in Fu

.
Since there we only finitely many such polynomials, Fant , is finite

.

Them the union Fm is algebraically closed since for each polymenical
with coefficients N

from this union
,
there 12 deg (p) saln that Fun

contains all the coefficients of p , Hence Fits contains a root of p.X

Now to show playd
,
ht F : #p -> Ip" be a polynomial function of max

degree d . Suppose - is injective . Since all coefficients of f are from
p.

there is no large enough so that Fm contains all the coefficients of f.
Note that Ep = U Fm and F(FM) = Fin for all mymo bene Fm = Fro

MY, Mo

all weffs of f and Fu is a field . ButI is injective and Fin is
finite

,
so by the Pigeonhole Principle, & (Ful = Fin· Thus,

↑ (p) = F(Fn) = Em=
>,Mo

sotis curjective.



The syntactic aspect of first-order logic : proof tory.

For a 5-tory T and a -sentence O
,

we have defined TFU
,
which means

that4 holds in all models of T
.
We will now define a different relation

"T proves
4"
,
denoted TIP

,
which would menu that there is a (finite) proof

of 4 from T (a finite syntactic certificate). The Godel's Completenen-of-
first-order-logic term (call it syntactic-semantic quality) says let

TFY if TH
,

equaling a f-statement to a Frstatement.
To define the nation of a proof, we need to fix a set Axiom( of
basic logical axioms (tantologies) to use in our formal proofs, as well
as a rule of inference

,
call modus powers.

Axions (8)
.

Fix a signature T.

Bef
.
For - formla C

,
we say that a ternt is okay to substitute for

a variable x in if neither x wer any
variable in t is quantified

in 4 . In this case
,
we denote by Y(/X) the formula obtained from y

by substituting every occurance of x in 4 with to

Convention
.
Below

,
whenever we write Y(/) it is assumed that + is OKho substi-

take for x in P.

convention
.

The axious in Axioms(8) only use
->, 7 , X , 10 from now on

we treat YVY
,
41T

,
JrY as abbreviations for

· (b) - Y .
· - ((-4)+ (4)(s (+ + +x))

.

· -Y
.


